It is a classical result that the number of primes for which τ ( ) vanishes has Dirichlet density 0, where τ ( ) is the Ramanujan τ function. We study an analogous question that arises in studying the Λ-adic representation whose image is full. In particular, we show that the set of primes for which the trace of the Frobenius at has positive μ-invariant has Dirichlet density 0. We also discuss the analogous Dirichlet densities related to λ-invariants.
Statement of the results
Tremendous efforts have been devoted to the study of τ ( ), which can be regarded as the trace of the Frobenius of the p-adic representation attached to the unique cusp form of weight 12 and level 1. For example, it is proved in [3] that the set of primes for which τ ( ) = 0 has Dirichlet density 0. In [1] , Hida constructed Galois representations into GL 2 (R), for some ring R, by considering families of modular forms. In [2] , Mazur and Wiles have shown that the ring R is Λ = Z p [[T ] ] for the representation attached to , and has image containing SL 2 (Λ) under mild assumptions. Motivated by results in [3] , we study the trace of the Frobenius, tr(ρ(Frob )) of Λ-adic representations. In particular, we study the Iwasawa invariants attached to tr(ρ(Frob )), and show that the set of primes for which μ(tr(ρ(Frob ))) > 0 has density 0.
Suppose we have a Galois representation: 
,
where C (ρ) is a constant depending only on the residual representation ρ.
Λ-adic Galois representation
Suppose we have a Galois representation:
such that the image is full (i.e. SL 2 (Λ) ⊆ im ρ). In this section, we will study the Iwasawa invariants
Denote the natural map Λ → A n by π n , and define ρ n = π n • ρ. To study the μ-invariant, it suffices to study the value of tr(ρ n (Frob )) ∈ GL 2 (A n ) for large n.
Notice that this is a finite group, we first calculate the order of the group.
(a) The sequence:
(c) The sequence:
Proof. The proof is omitted. 2
Proposition 2.2. Suppose p is a prime, then each of the following maps is surjective for all n.
Proof. We treat the cases where p > 2, and p = 2 separately. First suppose p is odd. For (a) suppose
For (b) the proof is exactly the same as (a) since A n is also pro-p. Part (c) follows directly from (a) and (b 
n . Now we choose α = yk and β = xk. Then 
Proof. That ρ n has full image with im(ρ n ) = {x ∈ GL 2 (A n ) | det(x) ∈ π n (B) = B n } follows from Proposition 2.2 and Lemma 2.3. Suppose M is an arbitrary element of M 2 (Λ), and define M n = π n (M).
The condition for M n ∈ im(ρ n ) ∩ X n is that −a 2 − bc = u ∈ B n . We will now proceed by induction on n. The case n = 1 is trivial. For the inductive step, we first prove the following claim:
Hence to count |im(ρ n+1 ) ∩ X n+1 |, it suffices to count the number of lifts from im(ρ n ) ∩ X n . Now suppose u = u + u n T n ∈ B n+1 is a lift of u ∈ B n , and that M n+1 ∈ im(ρ n+1 ) ∩ X n+1 is a lift of M n ∈ im(ρ n ) ∩ X n , where
Then we have −(a + a n T n )
Expanding and using the fact that −a 2 − b c = u gives:
Now write a = a 0 + a 1 T + · · · + a n−1 T n−1 , and likewise for b and c . Note that T n+1 = 0 in A n+1 .
Then Eq. (1) is equivalent to:
Since a 0 , b 0 , c 0 are fixed, for each u n , there are p 2 choices of (a n , b n , c n ) such that Eq. (1) holds. Now the number of choices of
Finally, we complete the induction as follows:
where the second equality follows from the inductive hypothesis. Done. 2
We will give a completely closed form for the extreme cases of the image. 
Corollary 2.5. Suppose p is an odd prime, and that
ρ n : G Q → GL 2 (A n ) is full. (a) If im(ρ n ) = SL 2 (A n ), then |im(ρ n ) ∩ X n | = p 2n−1 (p + (−1/p)), where (·/p) is the Legendre symbol mod p. (b) If im(ρ n ) = GL 2 (A n ), then |im(ρ n ) ∩ X n | = p 3n−1 (p − 1
